Abstract. Classical limits of quantum groups give rise to multiplicative Poisson structures such as Poisson-Lie and quasi-Poisson structures. We relate them to the notion of a shifted Poisson structure which gives a conceptual framework for understanding classical (dynamical) r-matrices, coisotropic subgroups and so on. We also propose a notion of a symplectic realization of shifted Poisson structures and show that Manin pairs and Manin triples give examples of such.
Introduction
Shifted Poisson geometry. Shifted symplectic and Poisson structures introduced in [Pan+13] and [Cal+17] respectively give a way to define higher symplectic and Poisson structures on algebraic stacks. That is, if X is an algebraic stack or a derived scheme, its cotangent bundle T * X can be naturally enhanced to a cotangent complex L X . In this way we can talk about differential forms and polyvectors of a nontrivial cohomological degree.
Another way to view the "shift" in a shifted Poisson structure is through the prism of higher deformation quantization. Given an ordinary Poisson structure on a smooth variety X one can consider its deformation quantization which gives rise to a deformation of the algebra of global functions O(X) as an associative algebra or the category of quasi-coherent sheaves QCoh(X) as a plain category (i.e. the deformation no longer has a monoidal structure). Similarly, given a 1-shifted Poisson structure on a derived algebraic stack X, its deformation quantization (see [Cal+17, Section 3 .5]) gives rise to a deformation of QCoh(X) as a monoidal category. More generally, a deformation quantization of an n-shifted Poissons stack X gives rise to a deformation of QCoh(X) as an E n -monoidal category, where E n is the operad of little n-disks.
One can also talk about Lagrangian (coisotropic) morphisms f : L → X if X has an nshifted symplectic (Poisson) structure. In contrast to the classical setting, f is not required to be a closed immersion and being a Lagrangian is no longer a condition, but an extra structure. Similar to the classical setting, deformation quantization of shifted coisotropic structures (see [MS17, Section 5] ) gives rise to a deformation of modules. For instance, given a morphism f : L → X, the category QCoh(L) becomes a module category over QCoh(X). A deformation quantization of a 1-shifted coisotorpic structure on f gives rise to a deformation of (QCoh(X), QCoh(L)) as a pair (monoidal category, module category).
Many examples of shifted symplectic and Lagrangian structures are known. One of the goals of the present paper is to provide interesting and nontrivial examples of shifted Poisson and coisotropic structures.
Poisson-Lie structures. Recall that a Poisson-Lie structure on a group G is given by a multiplicative Poisson bivector π ∈ ∧ 2 T G . A more general notion is that of a quasi-Poisson group where one is given in addition a trivector φ ∈ ∧ 3 (g) which measures the failure of the Jacobi identity for π. In addition, given an element λ ∈ ∧ 2 (g) we can twist quasi-Poisson structures, so they form a groupoid.
It is well-known that multiplicative objects on a group G give rise to an object on the classifying stack BG = [pt/G]. For instance, a multiplicative line bundle on G (i.e. a central extension of G) gives rise to a gerbe on BG. Thus, it is natural to ask whether a multiplicative Poisson structure on G gives rise to some structure on BG.
Let Pois(X, n) be the space (i.e. an ∞-groupoid) of n-shifted Poisson structures on a derived algebraic stack X. The following result is given by Proposition 2.5 and Theorem 2.8.
Theorem. Let G be an algebraic group. We have the following classification results:
• The space Pois(BG, n) for n > 2 is trivial. That is, every n-shifted Poisson structure on BG for n > 2 is canonically zero.
• The space Pois(BG, 2) is equivalent to the set Sym 2 (g) G .
• The space Pois(BG, 1) is equivalent to the groupoid of quasi-Poisson structures on G.
These computations rely on the following trick introduced in [Cal+17, Section 3.6.2]. Let G be the formal completion of G at the unit and G dR = G/ G. Then we can identify BG ∼ = (B G)/G dR . Since the cotangent complex to G dR is trivial (i.e. B G → BG is formallyétale), we can compute polyvectors on BG as G dR -invariant polyvectors on B G. The latter stack is an example of a formal affine stack and its polyvectors are straightforward to compute.
This classification reflects the well-known expectation that to consider a deformation quantization of Rep G ∼ = QCoh(BG) as a monoidal category one has to endow G with a quasiPoisson structure and to deformation quantize it as a braided monoidal category this structure has to be quasi-triangular, i.e. it should come from a Casimir element c ∈ Sym 2 (g) G . We also have a relative analog of the previous statement. Given a morphism of derived algebraic stacks f : L → X we denote by Cois(f, n) the space of pairs of an n-shifted Poisson structure on X and an n-shifted coisotropic structure on L → X. The following is Proposition 2.9.
Theorem. Let H ⊂ G be a closed subgroup. We have the following classification results:
• The space Cois(BH → BG, 2) is equivalent to the set ker Sym 2 (g) G → Sym 2 (g/h) H .
• The space Cois(BH → BG, 1) is equivalent to the groupoid of quasi-Poisson structures on G for which H is coisotropic.
Given a morphism f : X 1 → X 2 of algebraic stacks we denote by Pois(X 1 → X 2 , n) the space of triples of n-shifted Poisson structures on X i and a compatibility between them making f into a Poisson morphism. Then the previous statement for H = pt implies (see Corollary 2.10) that Pois(pt → BG, 1) is equivalent to the set of Poisson-Lie structures on G. Similar statements arise if one replaces BG by its formal completion B G and one replaces quasi-Poisson structures on G by quasi-Lie bialgebra structures on g.
Given an n-shifted Poisson structure on X there is a natural way to extract an (n − 1)-shifted Poisson structure on X. This is a classical shadow of the natural forgetful functor from E n -monoidal categories to E n−1 -monoidal categories. Thus, one can ask how the above statements behave under this forgetful map.
Let us recall that if G is a Poisson-Lie group, there is a dual Poisson-Lie group G * whose completion at the unit is the formal group associated with Lie algebra g * . We say it is formally linearizable if there is a Poisson isomorphism between the formal completion of g * at the origin with the Kirillov-Kostant-Souriau Poisson structure and the formal completion of G * at the unit with its Poisson-Lie structure. The following statement combines Proposition 2.15 and Proposition 2.17.
Theorem.
• Suppose c ∈ Sym 2 (g) G defines a 2-shifted Poisson structure on BG. Its image under Pois(BG, 2) → Pois(BG, 1) is given by the quasi-Poisson structure (π = 0, φ) on G, where φ = − 1 6 [c 12 , c 23 ].
• Suppose G carries a Poisson-Lie structure defining a 1-shfited Poisson morphism pt → B G. Its image under Pois(pt → B G, 1) → Pois(pt → B G, 0) is trivial iff the dual Poisson-Lie group G * is formally linearizable.
We also give an interpretation of classical (dynamical) r-matrices as follows. is equivalent to the set of quasi-triangular classical dynamical r-matrices with base U .
For instance, let us consider the case H = pt in which case we recover ordinary classical quasi-triangular r-matrices. Then the above statement recovers the well-known prescription that a quantization of a quasi-triangular classical r-matrix gives rise to a braided monoidal deformation of Rep G together with a monoidal deformation of the forgetful functor Rep G → Vect.
To explain the general case, let us first observe that QCoh([h
Its monoidal deformation quantization is given by the monoidal category
equivalent to the so-called category of Harish-Chandra bimodules, i.e. U(h)-bimodules whose diagonal h-action is H-integrable. Then a deformation quantization of a classical dynamical r-matrix with base h * is given by a braided monoidal deformation of Rep G together with a monoidal functor Rep G → H H . If the dynamical r-matrix has poles (i.e. U = h * ), then this will be a lax monoidal functor which is only generically (i.e. over U ) monoidal.
We show how some standard (dynamical) r-matrices can be constructed from Lagrangian correspondences in section 5.4.
Symplectic realizations. Given a Poisson manifold X the cotangent bundle T * X becomes a Lie algebroid with respect to the so-called Koszul bracket; moreover, this Lie algebroid has a compatible symplectic structure. Thus, one might ask if it integrates to a symplectic groupoid G ⇒ X which is a groupoid equipped with a multiplicative symplectic structure on G. Conversely, given such a symplectic groupoid we get an induced Poisson structure on X. Symplectic groupoids give symplectic realizations [Wei83] of Poisson manifolds, thus one might ask for a similar notion in the setting of shifted symplectic structures. We warn the reader that what we only restrict to symplectic realizations which are symplectic groupoids (see Remark 4.10).
Given a symplectic groupoid G ⇒ X we have an induced 1-shifted symplectic structure on [X/G] together with a Lagrangian structure on the projection X → [X/G] (see Proposition 3.10). Now, given any n-shifted Lagrangian L → Y by the results of [MS17, Section 4] we get an induced (n − 1)-shifted Poisson structure on L. In the case of the 1-shifted Lagrangian X → [X/G] we get an unshifted Poisson structure on X coming from the symplectic groupoid.
Thus, we define symplectic realizations of n-shifted Poisson stacks X to be lifts of those to (n + 1)-shifted Lagrangians X → Y . Let us mention that in an upcoming work Costello and Rozenblyum show that any n-shifted Poisson stack X has a unique formal symplectic realization, i.e. a symplectic realization X → Y which is an equivalence of reduced stacks (a nil-isomorphism). We refer to [Cal16, Section 3] for a discussion of this. The work [Spa16] in fact uses this as a definition of n-shifted Poisson structures.
We illustrate symplectic realizations by showing that the Feigin-Odesskii [FO98] Poisson structure on Bun P (E), the moduli space of P -bundles on an elliptic curve E for P a parabolic subgroup of a simple group G, admits a symplectic realization given by the 1-shifted Lagrangian Bun P (E) → Bun M (E) × Bun G (E), where M is the Levi factor of P . In particular, by taking theČech nerve of this map we recover a symplectic groupoid integrating the Feigin-Odesskii Poisson structure.
Recall that a Manin pair is a pair g ⊂ d of Lie algebras where d is equipped with an invariant nondegenerate pairing and g ⊂ d is Lagrangian. Suppose that the Manin pair g ⊂ d integrates to a group pair G ⊂ D. It is known that it induces a quasi-Poisson structure on G. Given a quasi-Poisson group G we get an induced 1-shifted Poisson structure on BG and we show that a Manin pair gives its symplectic realization which is a 2-shifted Lagrangian BG → BD.
Similarly, given a shifted coisotropic morphism C → X we propose a notion of symplectic realizations for those which are given by (n + 1)-shifted Lagrangian correspondences
where Y carries an (n + 1)-shifted symplectic structure, X → Y andX → Y are Lagrangian and so is C →X × Y X. Assuming a certain conjecture (Conjecture 4.5) on a compatibility between Lagrangian and coisotropic intersections, we see that C → X inherits an n-shifted coisotropic structure.
Recall 
Poisson and coisotropic structures on stacks
In this section we remind the reader the necessary basics of shifted Poisson and shifted coisotorpic structures on derived stacks as defined in [Cal+17] , [MS16] and [MS17] .
1.1. Formal geometry. Recall the notion of a graded mixed cdga from [Cal+17, Section 1.1, Section 1.5] and the ind-object k(∞). Given a graded object A we denote A(∞) = A ⊗ k(∞). Explicitly, a graded mixed cdga is a cdga A together with an extra weight grading and a square-zero derivation of degree 1 and weight 1. Given a graded mixed cdga A its realization is
with the differential d A + and its Tate realization is
with the same differential. We can also identify
Here are two important examples that we will use in this paper:
• Let X be a derived Artin stack. Then one has the graded mixed cdga Ω (X) of differential forms on X (see [Pan+13] where it is denoted by DR(X)). As a graded cdga it can be identified with
where the weight of L X is 1. One can think of the mixed structure as the de Rham differential d dR . We denote by Ω • (X) its realization.
• Let g be a Lie algebra and A a commutative algebra with a g-action. Then one can define C (g, A) ∼ = Hom(Sym (g[1] ), A) as a graded cdga with the mixed structure given by the Chevalley-Eilenberg differential d CE . We denote by C
• (g, A) its realization.
Let g be a Lie algebra and G the corresponding formal group. Throughout the paper we will be interested in the stack Bg = B G. It is easy to see that O(Bg) coincides with the Lie algebra cohomology of g which follows for instance from [Lur11, Theorem 2.4.1]. Even though Bg is not affine, many of its properties are essentially determined by its algebra of functions O(Bg), more precisely by its variant D(Bg) that we will construct shortly.
For an affine scheme S we define the graded mixed cdga D(S) to be
For a general stack X we define
where the limit is over affine schemes S mapping to X. We can identify
Given a morphism X → Y of stacks we define the relative de Rham space to be
Proposition 1.1. Let X → Y be a morphism of affine schemes where X is reduced. Then we have an equivalence of graded mixed cdgas
Proof. Let us begin by constructing a morphism
Moreover, we have pullbacks
This is compatible with pullbacks along A and hence we obtain a morphism of graded mixed cdgas Given a stack X we have its de Rham space X dR which has the functor of points
For a smooth scheme X, its de Rham space can be constructed as the quotient of X by its infinitesimal groupoid. Now let X be a derived Artin stack and consider p : 
1.2. Maurer-Cartan spaces. Let us recall the necessary results about Maurer-Cartan spaces. Let g be a nilpotent dg Lie algebra and Ω • = Ω • (∆ n ) the simplicial algebra of polynomial differential forms on simplices. We define MC(g) to be the simplicial set of Maurer-Cartan elements in g ⊗ Ω • . More generally, if g is a pro-nilpotent dg Lie algebra, we define MC(g) to be the inverse limit of Maurer-Cartan spaces of the filtration.
We will use the following useful way to compute Maurer-Cartan spaces [Hin97, Proposition 2.2.3]: Proposition 1.2. Suppose g is a nilpotent dg Lie algebra concentrated in non-negative degrees. Then MC(g) is equivalent to the nerve of the following Deligne groupoid:
• Its objects are Maurer-Cartan elements in g.
• Its morphisms from x to y are given by elements λ ∈ g 0 and a Maurer-Cartan element α(t) ∈ g ⊗ k[t] satisfying the following equations:
If g is a graded dg Lie algebra with a bracket of weight −1, its completion in weights ≥ 2 denoted by g ≥2 is a pro-nilpotent dg Lie algebra. 
).
We will also use the following lemma to compute totalizations of cosimplicial groupoids (see [Hol08a, Corollary 2.11]):
Its totalization is equivalent to the following groupoid G:
• Objects of G are objects a of G 0 together with an isomorphism α :
commutes.
1.3.
Poisson and coisotropic structures. Recall that the operad P n is a dg operad controlling commutative dg algebras with a degree 1 − n Poisson bracket. Given an ∞-category C we denote by C ∼ the underlying ∞-groupoid of objects.
Definition 1.5. Let A be a commutative dg algebra. The space of n-shifted Poisson structures Pois(A, n) is defined to be the homotopy fiber of the forgetful map
For instance, if A is a smooth commutative algebra, the space Pois(A, 0) is discrete and given by the set of Poisson structures on Spec A. Definition 1.6. Let X be a derived Artin stack. The space of n-shifted Poisson structures Pois(X, n) is defined to be the space of n-shifted Poisson structures on B X (∞) as a
Let us briefly explain how to think about the twist k(∞) in the definition. Suppose A is a graded mixed commutative algebra. Then a compatible strict P n+1 -algebra structure on A is given by a Poisson bracket of weight 0 such that the mixed structure is a biderivation. We can also weaken the compatibility with the mixed structure so that a weak P n+1 -algebra structure on A would be given by a sequence of Poisson brackets {[−, −] n } n≥0 of weight n which are biderivations with respect to the total differential (d + ).
Similarly, a weak P n+1 -algebra structure on A(∞) is given by a sequence of Poisson brackets {[−, −] n } n∈Z such that for any fixed elements x, y ∈ A the expressions [x, y] n are zero for negative enough n.
We define coisotropic structures as follows. Consider the colored operad P [n+1,n] whose algebras are triples (A, B, F ), where A is a P n+1 -algebra, B is a P n -algebra and F : A → Z(B) is a P n+1 -morphism, where
is the Poisson center with the differential twisted by [π B , −]. Given such a P [n+1,n] -algebra, the composite A → Z(B) → B is a morphism of commutative algebras which gives a forgetful functor
Definition 1.7. Let f : A → B be a morphism of commutative dg algebras. The space of n-shifted coisotropic structures Cois(f, n) is defined to be the homotopy fiber of the forgetful map Alg
Suppose (A, B, F ) is a P [n+1,n] -algebra and let f : A → B be the induced morphism of commutative algebras. If we denote the homotopy fiber of f by U (A, B) , it is shown in [MS16, Section 3.5] that U (A, B) [n] has a natural dg Lie algebra structure such that
becomes a fiber sequence of Lie algebras. Moreover, if A → B is surjective we can identify U(A, B) with the strict kernel of A → B with the Lie bracket induced from A.
Suppose f : L → X is a morphism of derived Artin stacks. We denote the induced morphism on de Rham spaces by
Moreover, we get a pullback morphism f * dR B X → B L of D L dR -algebras. Now, if X in addition has an n-shifted Poisson structure, we obtain a natural n-shifted Poisson structure on f * dR B X (∞). Definition 1.8. Let f : L → X a morphism of derived Artin stacks. The space of nshifted coisotropic structures Cois(f, n) is defined to be the space of pairs (γ L , π X ) of an n-shifted coisotropic structure
-algebras and an n-shifted Poisson structure π X on X such that the induced n-shifted Poisson structures on f 1.4. Polyvectors. Let us briefly sketch a computationally-efficient way of describing Poisson and coisotropic structures in terms of Maurer-Cartan spaces. Definition 1.10. Let A be a commutative dg algebra. We define the algebra of n-shifted polyvector fields Pol(A, n) to be the graded P n+2 -algebra
with the Poisson bracket given by the Schouten bracket of polyvector fields.
If A is a graded mixed cdga, one can consider two variants. First, let Pol int (A, n) be the bigraded mixed P n+2 -algebra defined as above. Then we define
We will only consider the latter variant of polyvector fields in this paper, see Remark 1.17 for the difference. If X is a derived stack, B X is a prestack of D X dR -linear graded mixed cdgas on X dR and hence Pol(B X , n) is a prestack of graded P n+2 -algebras on X dR . We define
Let us also denote by Pol(X, n)
≥2 the completion of this graded dg Lie algebra in weights ≥ 2. The following is [Cal+17, Theorem 3.1.2]. Theorem 1.11. Let X be a derived Artin stack. Then one has an equivalence of spaces
Similarly, if f : L → X is a morphism of derived Artin stacks, one can define the relative algebra of polyvectors Pol(L/X, n − 1) which is a graded P n+1 -algebra. The following statement shows that we have control over Pol(X, n) as a graded cdga (but not as a Lie algebra). Proposition 1.12. One has equivalences of graded cdgas
and
Observe that we have a morphism of graded cdgas
. It is shown in [MS17, Section 2.2] that we can upgrade the pair (Pol(X, n), Pol(L/X, n − 1)) to a graded P [n+2,n+1] -algebra; denote the algebra of relative n-shifted polyvectors by Theorem 1.13. Let f : L → X be a morphism of derived Artin stacks. Then one has an equivalence of spaces
1.5. The case of a classifying stack. Let G be an affine algebraic group and denote by G its formal completion at the unit. G ⊂ G is a normal subgroup and hence B G carries an
Identifying g with right-invariant vector fields we get an isomorphism of graded cdgas
Lemma 1.14. The isomorphism
is compatible with the mixed structures, where the g-action on O(G) is given by infinitesimal left translations.
The graded mixed cdga C (g, O(G)) has a bialgebra structure transferred from Ω (G) whose coproduct is uniquely determined by the following properties:
• The diagram
where g (1) is the coordinate on the first factor of
is a representation of G dR , i.e. it carries a coaction of C (g, O(G)) with the formulas generalizing the ones above.
The following statement was proved in [Cal+17, Proposition 3.6.3] by a different method.
Theorem 1.15. One has an equivalence of graded mixed cdgas
compatible with the actions of G dR on both sides.
where we regard D(G dR ) as a D(G)-comodule and take the corresponding derived invariants.
By Lemma 1.14 we identify
as graded mixed cdgas and hence
.
is naturally a P n+2 -algebra with the so-called big bracket [KS92] given by contracting g * and g. Moreover, it is naturally graded if we assign weight 1 to g[−n]. Proposition 1.16. One has an equivalence of graded P n+2 -algebras
is in internal weight −1. Therefore,
Remark 1.17. Note that from the proof we see that the answer is different if we do not take the Tate realization. In that case the weight p part of Pol(Bg, n) is
while the weight p part of Pol(Bg, n) is
given by Lemma 1.14 and we have
Now suppose H ⊂ G is a closed subgroup with Lie algebra h ⊂ g. Let f : BH → BG be the induced map on classifying stacks andf : Bh → Bg be its completion. Since T Bh/Bg ∼ = g/h as h-representations, we have a quasi-isomorphism of graded mixed cdgas
Since the projection Pol(Bg, n) → Pol(Bh/Bg, n − 1) is surjective, by [MS16, Proposition 4.10] we can identify
where the Lie bracket is induced from the one on Pol(Bg, n).
Finally, as before we identify
Poisson-Lie groups
In this section we show that many classical notions from Poisson-Lie theory have a natural interpretation in terms of shifted Poisson structures.
2.1. Classical notions. We begin by recalling some standard notions from Poisson-Lie theory. Let G be an algebraic group and g its Lie algebra. Recall from section 1.5 that C
• (g, Sym(g[−1])) is naturally a P 3 -algebra.
Definition 2.1. A quasi-Lie bialgebra structure on g is the data of δ : g → ∧ 2 (g) and φ ∈ ∧ 3 (g) satisfying the following equations:
A Lie bialgebra structure on g is a quasi-Lie bialgebra structure with φ = 0.
Denote the natural P 2 bracket on Sym(g[−1]) by −, − . The relation between this bracket and the big P 3 bracket on C
• (g, Sym(g[−1])) is given by
Definition 2.2. Let g be a Lie algebra. The groupoid QLieBialg(g) of quasi-Lie bialgebra structures on g is defined as follows:
• Objects of QLieBialg(g) are quasi-Lie bialgebra structures on g.
• Morphisms of QLieBialg(g) from (δ 1 , φ 1 ) to (δ 2 , φ 2 ) are given by λ ∈ ∧ 2 (g) satisfying
Similarly, one has the notion of a quasi-Poisson group G where one replaces the cobracket δ by a bivector π ∈ Γ(G, ∧ 2 (T G )), see e.g. [KM04, Definition 2.1]. We denote by QPois(G) the groupoid of quasi-Poisson structures on G with morphisms given by twists. Quasi-Poisson groups with φ = 0 are called Poisson groups.
Given a quasi-Poisson group (G, π, φ), the linear part of π at the unit defines a quasi-Lie bialgebra structure on g. Conversely, if g is a quasi-Lie bialgebra, the group G has at most one compatible quasi-Poisson structure.
Recall that a G-scheme X is simply a smooth scheme X together with a G-action G×X → X. We denote its components by R x : G → X and L g : X → X for x ∈ X and g ∈ G. Let a : g → Γ(X, T X ) be the infinitesimal action map.
Definition 2.4. Let G be a group and X a G-scheme. Let QPois(G, X) be the following groupoid:
• Objects of QPois(G, X) are quasi-Poisson group structures on G and bivectors π X on X making X into a quasi-Poisson G-scheme.
• Morphisms of QPois(G, X) from (π G , φ, π X ) to (π G , φ , π X ) are given by elements λ ∈ ∧ 2 (g) defining a morphism (π G , φ) → (π G , φ ) in QPois(G) and satisfying Proposition 2.5. The space of n-shifted Poisson structures on BG is trivial if n > 2. Moreover, we can identify the space Pois(BG, 2) with the set Sym 2 (g) G .
Proof. The algebra of n-shifted polyvectors is
as a graded complex. In particular, we obtain a graded homotopy P n+2 structure on
Elements of weight at least 2 have cohomological degree at least 2n. But Maurer-Cartan elements in a P n+2 -algebra are in degree n + 2. Therefore, for n > 2 the space of Maurer-Cartan elements in Pol(BG, n) ≥2 is contractible. For n = 2 Maurer-Cartan elements are degree 4 elements in Pol(BG, 2) ≥2 , i.e. elements c ∈ Sym 2 (g), satisfying For example, identifying nondegenerate n-shifted Poisson structures with n-shifted symplectic structures by [Cal+17, Theorem 3.2.4] we get the following statement which was proved in [Pan+13] for reductive groups. Proposition 2.6. Let G be an algebraic group. The space Symp(BG, 2) of 2-shifted symplectic structures on BG is equivalent to the subset of Sym 2 (g * ) G consisting of non-degenerate quadratic forms.
The space of 1-shifted Poisson structures is more interesting. We begin with the case of Lie algebras.
Theorem 2.7. Let g be a Lie algebra of an algebraic group G. Then the space of 1-shifted Poisson structures Pois(Bg, 1) is equivalent to the groupoid QLieBialg(g) of quasi-Lie bialgebra structures on g.
Proof. We can identify
Pois(Bg, 1) ∼ = MC(Pol(Bg, 1)
Since Pol(Bg, 1)
is concentrated in non-negative degrees and hence by Proposition 1.2 we can identify its ∞-groupoid of Maurer-Cartan elements with the Deligne groupoid.
A Maurer-Cartan element α in Pol(Bg, 1) ≥2 [2] is given by a pair of elements δ : g → ∧ 2 (g) in weight 2 and φ ∈ ∧ 3 (g) in weight 3 which satisfy equations (1) -(3) defining the quasi-Lie bialgebra structure on g.
A 1-morphism in the Deligne groupoid of Pol(Bg, 1) ≥2 [2] is given by a t-parameter family of quasi-Lie bialgebra structures δ(t) and φ(t) and an element λ ∈ ∧ 2 (g) which satisfy the equations
The first equation implies that
Substituting it in the second equation and integrating, we obtain
In this way we see that the Deligne groupoid is isomorphic to the groupoid QLieBialg(g) of quasi-Lie bialgebra structures on g.
We also have a global version of the previous statement.
Theorem 2.8. Let G be an algebraic group. Then the space of 1-shifted Poisson structures Pois(BG, 1) is equivalent to the groupoid QPois(G) of quasi-Poisson structures on G.
Proof. By Theorem 1.11
Moreover, we can identify the latter space with
We can present G dR -invariants on a complex V as a totalization of the cosimplicial object
Therefore, by Proposition 1.3 we can identify MC(Pol(BG, 1) ≥2 [2]) with the totalization of
The latter is a cosimplicial diagram of groupoids and we can use Lemma 1.4 to compute its totalization G. Let us begin by describing the groupoid
). Degree 1 elements in the corresponding dg Lie algebra are given by elements
The Maurer-Cartan equation for δ + φ + P boils down to the equations expressing the fact that the pair δ(g), φ(g) defines a Lie bialgebra structure on g for any g ∈ G and the following equations:
Thus, by Lemma 1.4 an object of G consists of a quasi-Lie bialgebra structure (δ, φ) on g together with a bivector π ∈ O(G) ⊗ ∧ 2 (g) satisfying the equations
(10) Equation (6) follows from (7) which expresses the fact that π ∈ Γ(G, ∧ 2 T G ) is multiplicative. Denote by δ : g → ∧ 2 (g) the linear part of π at the unit. Then the infinitesimal version of (7) is
Combining this with equations (8) and (10) we see that δ = δ. Therefore, equation (9) becomes
If we denote by [π, π] Sch the Schouten bracket of the bivector of π, then we can rewrite the above equation as
This shows that an object of G is a quasi-Poisson structure (π, φ) on G and (δ, φ) is the induced Lie bialgebra structure on g. Morphisms (δ, φ, π) → (δ , φ , π ) in G are given by morphisms in G 0 , i.e. by twists λ ∈ ∧ 2 (g) of quasi-Lie biaglebra structures (δ, φ) → (δ , φ ). The compatibility of the twist λ with the bivectors is the equation π + λ = Ad g (λ) + π which shows that λ is also a twist of the quasi-Poisson structure (π, φ) into (π , φ ). In this way we have identified objects of G with quasi-Poisson structures on G and morphisms with twists of those, i.e. G ∼ = QPois(G).
2.3. Coisotropic structures. In this section we study coisotropic structures in BG. Denote by QPois H (G) ⊂ QPois(G) the following subgroupoid:
• Objects of QPois H (G) are objects (π, φ) of QPois(G) such that the image of π under
is zero and φ is in the kernel of
Note that (π, φ = 0) is an object of QPois H (G) iff π makes G into a Poisson-Lie group and H ⊂ G into a coisotropic subgroup.
Proposition 2.9. Let H ⊂ G be a closed subgroup and f : BH → BG the induced map on classifying stacks.
The space of 2-shifted coisotropic structures Cois(f, 2) is equivalent to the set
The space of 1-shifted coisotropic structures Cois(f, 1) is equivalent to the groupoid QPois H (G).
Proof. Both statements immediately follow from the description of relative polyvectors Pol(f, n) as a kernel of
Corollary 2.10. Let f : pt → BG be the inclusion of the basepoint. Then the space of 1-shifted Poisson structures Pois(f, 1) is equivalent to the set of Poisson-Lie structures on G.
Proof. By Theorem 1.9 we have an equivalence of spaces Pois(f, 1) ∼ = Cois(f, 1) and by Proposition 2.9 we have an equivalence of spaces Cois(f, 1) ∼ = QPois {e} (G). But it is immediate that the latter groupoid is in fact a set whose objects have φ = 0.
Recall that we have a diagram of spaces
Pois(BH, 1) Pois(BG, 2).
Thus, given a Casimir element c ∈ Sym
H we obtain a quasiPoisson structure on H, let us now describe it explicitly. For simplicity we will describe the induced quasi-Lie bialgebra structure on h.
Pick a splitting g ∼ = h ⊕ g/h as vector spaces. Let {e i } be a basis of h and {ẽ i } a basis of g/h. Let {e i } and {ẽ i } be the dual bases. We denote the structure constants as follows:
Let us also split c = P + Q, where P ∈ Sym 2 (h) and Q ∈ h ⊗ g/h. We denote its components by P ij and Q ij . The cobracket δ ∈ h * ⊗ ∧ 2 (h) has components
and the associator φ ∈ ∧ 3 (h) has components
A tedious computation shows that the above formulas indeed define a quasi-Lie bialgebra structure on h. One can also see that if c is nondegenerate and both h and g/h are Lagrangian in g, then the formulas reduce to those of [Dri89, Section 2] and [AKS00, Section 2.1].
Remark 2.11. Consider an exact sequence of h-representations
The connecting homomorphism gives rise to a morphism g/h → h[1] in the derived category of h-representations. Since h ⊂ g is coisotropic, the Casimir element induces a morphism of h-representations h * → g/h. Combining the two, we get a morphism h * → h[1], i.e. an element of H 1 (h, h⊗h). The formula (11) gives an explicit representative for this cohomology class given a splitting g/h ⊂ g. Proposition 2.12. Letf : Bh → Bg. Under the forgetful map Cois(f , 2) → Pois(Bh, 1) the induced quasi-Lie bialgebra structure on h is given by formulas (11) and (12).
We are going to construct a
is induced by the above quasi-Lie bialgebra structure on h. That is, we have to define a morphism of P 3 -algebras
The Poisson bracket on C • (g, k) is given by The differentials on C
is generated as a commutative algebra by g * , it is enough to define F on the generators: we define
It is easy to see that thus defined F is compatible with the Poisson brackets. We are now going to show that it is also compatible with differentials.
On the other hand,
which holds by (15 Therefore,
These can be checked using (13) and (14).
Let us recall that one can identify G-spaces with spaces over BG: given a G-space X we get Y = [X/G] → BG; conversely, given Y → BG we form the G-space X = pt × BG Y . The following statements extend this analogy to the Poisson setting.
Proposition 2.13. Let X be a G-scheme and f : [X/G] → BG the projection map. Then we have an equivalence of groupoids
Proof. We have a fiber sequence of Lie algebras
We have quasi-isomorphisms
The connecting homomorphism
is then induced by the action map g → Γ(X, T X ). The Lie algebra Pol(f, 1) ≥2 [2] is concentrated in non-negative degrees, so by Proposition 1.2 we can identify its Maurer-Cartan space with the Deligne groupoid. The degree 3 elements in Pol(f, 1) ≥2 are elements (π G , φ) in Pol(BG, 1) and π X ∈ Γ(X, ∧ 2 T X ). The Maurer-Cartan equation reduces to the Maurer-Cartan equations in Pol(BG, 1) which imply by Theorem 2.8 that (π G , φ) define a quasi-Poisson structure on G and the equations
The other brackets vanish due to weight reasons. But the morphism
is a morphism of Lie algebras which shows that [π X , π G ] = 0. Therefore, the second equation is equivalent to 1 2 [π X , π X ] + a(φ) = 0, and therefore we recover equations (4) and (5) in the definition of quasi-Poisson G-spaces.
Morphisms (π X , π G , φ) → (π X , π G , φ ) are given by degree 2 elements in Pol(f, 1) ≥2 which are elements λ ∈ ∧ 2 (g). These elements, firstly, define a morphism (π G , φ) → (π G , φ ) in QPois(G) by Theorem 2.8 and, secondly, satisfy the equation
In this way we have identified the Maurer-Cartan space of Pol(f, 1) ≥2 [2] with QPois(G, X).
Combining Proposition 2.9 and Proposition 2.13 we obtain the following statement:
Corollary 2.14. We have an equivalence of groupoids
In other words, given a coisotropic subgroup H ⊂ G of a quasi-Poisson group G we get a natural quasi-Poisson structure on the homogeneous G-scheme [G/H].
2.4. Forgetting the shift. In this section we relate n-shifted Poisson structures on classifying spaces to (n − 1)-shifted Poisson structures. We begin with the case n = 2. If c ∈ Sym 2 (g) G , recall the standard notation
Proposition 2.15. The forgetful map Pois(BG, 2) −→ Pois(BG, 1) sends a Casimir element c ∈ Sym 2 (g) G to the quasi-Poisson structure with π = 0 and
In particular, if G is semisimple, the forgetful map
is an equivalence.
Proof. The first claim follows from Proposition 2.12 by explicitly computing (12) in this case. Since G is semisimple, we obtain a commutative diagram 
But it is well-known that the map Sym
Kos ], where W Kos is a certain class of weak equivalences of coaugmented P n -coalgebras. Then the image of the augmented P 2 -algebra C
• (g, k) is given by the associative algebra object in Poisson coalgebras U(g * ), whose Poisson cobracket is induced from the Lie algebra structure on g * . We have a commutative diagram
Kos ] where the horizontal equivalences are given by Koszul duality, the vertical functor on the left is the obvious forgetful functor and the vertical functor on the right is given by taking the primitive elements in a coaugmented P n -coalgebra.
The Poisson coalgebra U(g * ) has primitives given by the Lie coalgebra g * . Thus, the Koszul dual of the coaugmented Poisson coalgebra U(g * ) is a certain augmented homotopy P 1 -algebra A lifting the standard augmented cdga structure on C • (g, k). Now consider C
• (g, k) with the zero Poisson bracket. Trivialization of the 0-shifted Poisson structure on BG is a weak equivalence of augmented P 1 -algebras
being the identity on the underlying augmented commutative algebras. Passing to the Koszul dual side, it corresponds to a weak equivalence of coaugmented
inducing the identity on the primitives. Since both P 1 -coalgebras are concentrated in degree zero, this boils down to an isomorphism of coaugmented P 1 -coalgebras which is the identity on g * . But U(g * ) is the Poisson coalgebra of distributions on G * {e} and Sym(g * ) is the Poisson coalgebra of distributions on g * {0} .
Poisson groupoids
Let G ⇒ X be a groupoid with associated Lie algebroid L on X. Recall that G is called a Poisson groupoid if we are given a multiplicative Poisson structure π on G. Similarly, it is called a quasi-Poisson groupoid if we are given a multiplicative bivector π on G and a trivector φ ∈ Γ(X, ∧ 3 L) satisfying some equations generalizing those of quasi-Poisson groups; we refer to [IPLGX12, Definition 4.1] for a precise definition. Infinitesimal versions of quasi-Poisson groupoids are known as quasi-Lie bialgebroids. The goal of this section is to relate these notions to shifted Poisson structures. 3.1. Quasi-Lie bialgebroids. Suppose X is a smooth affine scheme and G ⇒ X is a groupoid with associaited Lie algebroid L. Our assumption in this section will be that G is also an affine scheme with the source map being smooth. In particular, G is smooth itself.
Given a groupoid G over X we have a notion of a left G-space which is a space Y → X equipped with an associative action map G× X Y → Y . Note that since the morphism G → X is smooth, we may consider the underived fiber product. For example, the groupoid G itself is a left (resp. right) G-space if we consider G → X to be the source (resp. target) map.
We consider the following associated spaces:
• The groupoid G ⇒ X is the formal completion of G along the unit section.
•
• Observe that G equipped with the target map is a right G-
The source map defines a projection [G/L] → X and the target map defines a pro
- jection [G/L] → [X/L]. The space [G/L] → X is a left G-space. Moreover, we have an equivalence [G\[G/L]] ∼ = [X/L]. Let M be an L-module, i.e.
an O(X)-module equipped with a compatible action of Γ(X, L).
We have the Chevalley-Eilenberg graded mixed cdga
with the zero differential and the mixed structure generalizing the mixed structure on the Chevalley-Eilenberg complex C (g, M) of a Lie algebra. Denote by Ω (G/t) the de Rham complex of forms on G relative to the target map t : G → X. Identifying L with right-invariant vector fields we get an isomorphism of graded cdgas
Lemma 3.2. The isomorphism of graded cdgas
is compatible with the mixed structures. 
Using this Lemma we can now describe D([X/L]).
where we use that both G and X are reduced, so 
where α is an antisymmetric k-linear map satisfying the equation
We will not use a description of elements of Pol([X/L], 1) of higher degrees. • Its objects are triples δ * :
endowing L with the structure of a quasi-Lie bialgebroid.
• Morphisms from (δ 1 , φ 1 ) to (δ 2 , φ 2 ) are given by λ ∈ Γ(X, ∧ 2 L) satisfying
The proof of the above statement is completely analogous to the proof of Theorem 2.7, so we omit it.
Remark 3.6. In section 1.5 we have used the isomorphisms
to compute Pol(BG, n). In the groupoid setting these are generalized to isomorphisms
which can be used to compute Pol([X/G], n). In particular, we expect that a 1-shifted Poisson structure on [X/G] corresponds to a structure of a quasi-Poisson groupoid on G. We will return to this question in a later work. Remark 3.8. The statement of Corollary 3.7 extends verbatim to non-affine schemes X by using Zariski descent for shifted Poisson structures. One can similarly apply descent to compute Pois([X/L], 1) in the case of a non-affine X, but then one discovers that such "non-affine quasi-Lie bialgebroids" have a twisting class in H 1 (X, ∧ 2 L) which obstructs the existence of a global cobracket.
3.2. Quasi-symplectic groupoids. One also has a symplectic analog of quasi-Poisson groupoids which are quasi-symplectic groupoids, i.e. groupoids G ⇒ X equipped with a multiplicative two-form ω on G and a three-form H on X satisfying some closure and nondegeneracy equations, see [Xu04, Definition 2.5]. The following statement is well-known.
Proposition 3.9. Fix a groupoid G ⇒ X. The space of 1-shifted symplectic structures on [X/G] is equivalent to the following groupoid:
• Its objects are pairs (ω, H) endowing G with a structure of a quasi-symplectic groupoid.
• Morphisms (ω 1 , H 1 ) → (ω 2 , H 2 ) are given by two-forms B ∈ Ω 2 (X) satisfying
Proof. 
If Y is a smooth affine scheme, A 2,cl (Y, 1) is equivalent to the following groupoid:
• Its objects are closed three-forms H on Y , • Its morphisms from H 1 to H 2 are given by two-forms B satisfying
Applying Lemma 1.4 we deduce that the space of 1-shifted presymplectic structures on [X/G] is equivalent to the following groupoid:
• Its objects are pairs (ω, H), where ω is a two-form on G and H is a closed three-form on X satisfying
where d is theČech differential.
• Its morphisms from (ω 1 , H 1 ) to (ω 2 , H 2 ) are given by two-forms B on X satisfying
The space of 1-shifted symplectic structures on [X/G] is the subspace of the above space for which the two-form ω is non-degenerate. For p : X → [X/G] the natural projection, the pullback functor p * : QCoh([X/G]) → QCoh(X) is conservative, so we are looking for forms ω which induce a quasi-isomorphism
of complexes of quasi-coherent sheaves on X. By passing to the total complex, this condition is equivalent to the condition that
X is a Lagrangian embedding. But the latter condition is known to be equivalent to the non-degeneracy of the quasi-symplectic groupoid, see [Bur+04, Theorem 2.2] where quasi-symplectic groupoids are called H-twisted presymplectic groupoids.
We have a similar characterization of symplectic groupoids.
Proposition 3.10. The space of pairs of a 1-shifted symplectic structure on [X/G] and a Lagrangian structure on X → [X/G] is equivalent to the set of closed two-forms ω on G endowing it with a structure of a symplectic groupoid.
Proof. Let us present Ω ([X/G]) as the totalization ot the cosimplicial graded mixed cdga
The pullback Ω ([X/G])
→ Ω (X) is surjective, so its homotopy fiber coincides with the strict fiber. Therefore, repeating the argument of Proposition 3.9 we see that the space of pairs of a 1-shifted presymplectic structure on [X/G] and an isotropic structure on X → [X/G] is equivalent to the set of closed multiplicative two-forms ω on G. Note that the two-form ω can be explicitly constructed by considering the isotropic self-intersection X × [X/G] X ∼ = G which carries a presymplectic structure of shift 0.
The nondegeneracy condition on f : X → [X/G] implies that the 1-shifted presymplectic structure on [X/G] is 1-shifted symplectic since then the two vertical morphisms in
are isomorphisms which implies that the total morphism
] is a quasiisomorphism. Thus, it is enough to work out the nondegeneracy condition on the isotropic structure on f .
The nondegeneracy condition on the Lagrangian is equivalent to the fact that the natural morphism
where L is the Lie algebroid of G and N X/G is the normal bundle to the unit section. The composite N X/G → L X is identified with the natural morphism induced by the fact that the unit section X → G is isotropic. Thus, the isotropic structure on X → [X/G] is nondegenerate iff the unit section is in fact Lagrangian which is equivalent to the nondegenearcy condition of symplectic groupoids.
Symplectic realizations
4.1. Definitions. Let X be a derived Artin stack. We denote by Symp(X, n) the space of n-shifted symplectic structures on X as defined in [Pan+13] . Similarly, given a morphism f : L → X of such stacks we denote by Lagr(f, n) the space of n-shifted Lagrangian structures, i.e. pairs of an n-shifted symplectic structure on X and a Lagrangian structure on f .
An n-shifted Poisson structure π X on X induces a morphism π X : L X → T X [−n] given by contraction with the bivector. Similarly, an n-shifted coisotropic structure on f : L → X induces vertical morphisms of fiber sequences
Definition 4.1.
• An n-shifted Poisson structure on X is nondegenerate if the induced morphism π X : L X → T X [−n] is a quasi-isomorphism. Denote by Pois nd (X, n) ⊂ Pois(X, n) the subspace of such nondegenerate structures.
• An n-shifted coisotropic structure on f : L → X is nondegenerate if the n-shifted
Poisson structure on X is so and the induced morphism Theorem 4.2. One has an equivalence of spaces
Under this equivalence the two-form ω :
An n-shifted Lagrangian structure on f : L → X induces vertical isomorphisms of fiber sequences
The following statement was proved in [Pri16] for n = 0 and [MS17, Theorem 4.22] for all n.
Theorem 4.3. One has an equivalence of spaces
In particular, by Theorem 4.3 we get a forgetful map
Definition 4.4. Suppose L is a derived Artin stack equipped with an (n−1)-shifted Poisson structure. Its symplectic realization is the data of an n-shifted Lagrangian L → X whose induced (n − 1)-shifted Poisson structure on L coincides with the original one.
Next, we are going to discuss symplectic realizations of coisotropic morphisms. Suppose f 1 : L 1 → X and f 2 : L 2 → X are two morphisms. In [Pan+13, Theorem 2.9] the authors construct a map of spaces
i.e. an intersection of n-shifted Lagrangians carries an (n − 1)-shifted symplectic structure.
Similarly, in [MS17, Theorem 3.6] the authors construct a map of spaces
i.e. an intersection of n-shifted coisotropics carries an (n − 1)-shfited Poisson structure.
Conjecture 4.5. Coisotropic intersections have the following properties:
(1) Suppose L 1 → X and L 2 → X carry a nondegenerate n-shifted coisotropic structure.
The diagram of spaces
is commutative. Suppose we have an n-shifted Lagrangian correspondence as above. In particular, X carries an (n − 1)-shifted Poisson structure and X → Y is its symplectic realization. Assuming Conjecture 4.5, we get an (n − 1)-shifted Poisson structure on the projectionX × Y X → X. Since C →X × Y X carries an (n − 1)-shifted coisotropic structure andX × Y X → X is an (n − 1)-shifted Poisson morphism, the composite C −→X × Y X −→ X also carries an (n − 1)-shifted coisotropic structure.
Definition 4.7. Suppose C → X is a morphism of derived Artin stacks equipped with an (n − 1)-shifted coisotropic structure. Its symplectic realization is the data of an n-shifted Lagrangian correspondence C X X Y whose underlying (n − 1)-shifted coisotropic structure on C → X coincides with the original one.
Remark 4.8. Note that the picture of an n-shifted Lagrangian correspondence is completely symmetric and we also obtain an (n − 1)-shifted coisotropic structure on C →X. In a sense, the two (n − 1)-shifted coisotropic structures C → X and C →X are dual. We refer to Remark 4.19 for an example of this.
Given a 2-shifted Lagrangian correspondence as above, using [AB16, Corollary 2.15] we obtain a 2-shifted Lagrangian correspondence
Therefore, the (n−1)-shifted Lagrangian C × X C →X × YX gives a symplectic realization of the (n − 2)-shifted Poisson structure on C × X C.
4.2. Shift 0. Our first goal is to relate our notion of symplectic realization to more classical notions in the case of ordinary (i.e. unshifted) Poisson structures.
Suppose G ⇒ X is a smooth symplectic groupoid. Since the unit section X → G is Lagrangian, we get an identification N X/G ∼ = T * X . But the normal bundle to the unit section is canonically identified with the Lie algebroid L of G. Thus, we obtain an isomorphism of vector bundles L ∼ = T * X . By [CDW87, Proposition II.2.1], the induced Poisson structure has bivector given by the composite T * X ∼ = L a − → T X . In Proposition 3.10 we have shown that the data of a symplectic groupoid is equivalent to the data of a 1-shifted Lagrangian X → [X/G] which gives an a priori different 0-shifted Poisson structure on X. Remark 4.10. Note that the notion of a symplectic realization of a Poisson manifold introduced in [Wei83] is slightly more general. Namely, if M is a Poisson manifold, its symplectic realization was defined to be a symplectic manifold S with a submersive Poisson map S → M . In particular, S was not required to be a groupoid. However, symplectic groupoids integrating M provide particularly nice examples of symplectic realizations.
Example 4.11. Let G be a semisimple algebraic group, P ⊂ G a parabolic subgroup and M its Levi factor. Let (−, −) be a nondegenerate symmetric bilinear G-invariant pairing on g = Lie(G). By restriction it gives rise to a nondegenerate pairing on m = Lie(M ). Let us also denote p = Lie(P ). These pairings give rise to 2-shifted symplectic structures on BG and BM and it is shown in [Saf14] that the correspondence
BM BG has a 2-shifted Lagrangian structure coming from the exact sequence
Now suppose E is an elliptic curve. Denote by Bun − (E) = Map(E, B(−)) the moduli space of principal bundles on E. Then applying Map(E, −) to the above 2-shifted Lagrangian correspondence we obtain a 1-shifted Lagrangian correspondence
using the AKSZ theorem of [Pan+13] . In this way we obtain a 0-shifted Poisson structure on Bun P (E). Let us work it out explicitly. Denote L = Bun P (E) and X = Bun M (E)×Bun G (E) for brevity. Fix a principal P -bundle F → E. We can identify the tangent complex to L at F with
. Similarly, we can identify
Using the exact sequence (18) we can simplify it to
Moreover, L L,F ∼ = Γ(E, F × P p * ) and the equivalence T L/X ∼ = L L induced by the 1-shifted Lagrangian structure on L → X is the identity.
The bivector underlying the 0-shifted Poisson structure on L is given by the composite
which is easily seen to be given by the morphism
induced by the morphism p * → p[1] in the derived category of P -representations obtained as the connecting homomorphism in the sequence (18). In this way we recover the FeiginOdesskii Poisson structure on Bun P (E) constructed in [FO98] .
Note that in this way we also obtain a symplectic groupoid
integrating the Feigin-Odesskii Poisson structure.
4.3. Shift 1. In this section we discuss symplectic realizations of some 1-shifted Poisson structures. Given a Manin triple (d, g, g * ), the Lie bracket on g * gives rise to a Lie cobracket on g which is easily seen to endow g with a structure of a Lie bialgebra. Now suppose D is an algebraic group whose Lie algebra d is equipped with a nondegenerate D-invariant pairing. Also suppose G ⊂ D is a closed subgroup whose Lie algebra g ⊂ d is Lagrangian. Such pairs are called group pairs in [AKS00] . By the results of [AKS00, Section 3.3] one obtains a quasi-Poisson structure on G such that the induced quasi-Lie bialgebra structure on g coincides with the one above. In particular, we get a 1-shifted Poisson structure on BG by Theorem 2.8. Proof. We have computed the space Cois(BG → BD, 2) in Proposition 2.9. In particular, nondegenerate coisotropic structures are given by nondegenerate pairings on D for which g is Lagrangian which provides the identification Cois nd (BG → BD, 2) ∼ = Lagr(BG → BD, 2). The forgetful map Cois nd (BG → BD, 2) → Pois(BG, 1) was computed in Proposition 2.12 where it was shown that the underlying quasi-Lie bialgebra structure on g coincides with the one given by formulas (11) and (12).
Similarly, we may consider group triples (D, G, G * ) which are triples of algebraic groups whose Lie algebras form a Manin triple. From such a data we get a Poisson-Lie structure on G and hence a 1-shifted coisotropic structure on pt → BG by Corollary 2.10. The two morphisms BG → BD and BG * → BD carry an obvious 2-shifted Lagrangian structure. Moreover, their intersection BG * × BD BG ∼ = G * \D/G has the zero tangent complex at the unit of D since g * , g ⊂ d are transverse. Therefore, the inclusion of the unit pt → G * \D/G has a unique 1-shifted Lagrangian structure. In other words, we obtain a 2-shifted Lagrangian correspondence
is a group triple as above. Then the 2-shifted Lagrangian correspondence (19) is a symplectic realization of the 1-shifted coisotropic structure on pt → BG corresponding to the Poisson-Lie structure on G.
Proof. To prove the claim, we have to compare the Poisson-Lie structure on G obtained from the Manin triple with the one obtained from the 2-shifted Lagrangian correspondence. For this it is enough to compare the induced Lie cobrackets on g.
As observed in section 4.1, the symplectic realization of the Poisson structure on G is given by the 1-shifted Lagrangian f :
To compute the induced Poisson structure on G, let us unpack the underlying two-forms on G and [G * \D/G * ]. Trivialize the tangent bundle to D and G using left translations. Given an element d ∈ D, the tangent complex to [G * \D/G * ] at d is
in degrees −1 and 0, where one of the maps is the identity and the other map is given by the composite
Using the exact sequence 0 → g * → d → g → 0 we get a quasi-isomorphic model for the tangent complex as
The 1-shifted symplectic structure on [G * \D/G * ] induces an obvious isomorphism
gives rise to a fiber sequence of complexes
Explicitly, it is given by the vertical fiber sequence of complexes (0
Therefore, the connecting homomorphism L G,g → T G,g is given by the morphism Ad g : g * → g which is the underlying bivector on G. The Lie cobracket on g is given by linearizing this bivector at g = e, so we see that the cobracket is given by [x, −] : g * → g for x ∈ g, i.e. the map g ⊗ g * → g given by the coadjoint action of g * which recovers the Lie cobracket on g coming from the Manin triple.
Remark 4.18. Note that in the course of the proof we have constructed a symplectic realization of the underlying Poisson-Lie structure on G as G → [G * \D/G * ]. In particular, we obtain the symplectic groupoid 
Classical r-matrices
In this section we relate shifted Poisson structures to the notion of a classical r-matrix. where, for instance, r 12 = r ⊗ 1 ∈ (Ug) ⊗3 . Now consider an element c ∈ Sym 2 (g) G and the induced trivector
The data of twist from the quasi-Poisson group (G,
In turn, the first equation is equivalent to the classical Yang-Baxter equation (20) for r = 2λ + c.
Definition 5.1. A quasi-triangular classical r-matrix is the data of r ∈ g ⊗ g such that (1) CYBE(r) = 0, (2) The symmetric part of r is G-invariant.
One also has the following generalization. Let H ⊂ G be a subgroup and U ⊂ h * an open dense subset. Consider a function r :
We denote by Alt(d dR r) the function U → ∧ 3 (g) obtained as its antisymmetrization.
Definition 5.2. A quasi-triangular classical dynamical r-matrix is the data of a function r : U → g ⊗ g such that (1) r is an h-equivariant function, (2) CYBE(r) = 0, (3) The symmetric part of r is a constant element of Sym
Note that the data of a quasi-trignular classical dynamical r-matrix is equivalent to the data of c ∈ Sym
5.2. Non-dynamical case.
Proposition 5.3. Let G be an algebraic group. The space parametrizing the pairs of • A 2-shifted Poisson structure π on BG,
• A 1-shifted Poisson morphism pt → BG with the 1-shifted Poisson structure on BG obtained from π is equivalent to the set of quasi-triangular Poisson structures on G, i.e. the set of quasitriangular classical r-matrices.
The quasi-triangular Poisson structure is factorizable iff the underlying 2-shifted Poisson structure on BG is 2-shifted symplectic.
Proof. Indeed, the space of 2-shifted Poisson structures on BG is equivalent to the set of Casimir elements c ∈ Sym 2 (g) G by Proposition 2.5. The induced 1-shifted Poisson structure on BG corresponds to the quasi-Poisson structure (π = 0, φ), where
A 1-shifted Poisson morphism pt → BG is equivalent to the data of a Poisson structure π on G by Corollary 2.10. The compatibility between the two is given by an element λ ∈ ∧ 2 (g) twisting (0, φ) into (π, 0), i.e. we get an equation
which after unpacking corresponds to the identity
To show that π is inverse to ω, we have to produce a compatibility data between ω and π in the sense of [Cal+17, Definition 1.4.20]. But since both elements are concentrated purely in weight 2, this reduces to showing that ω : Elements of Pol([U/h] × Bg, 1) of degree 2 have the following type:
Elements of Pol([U/h] × Bg, 1) of degree 3 have the following type:
• α
Similarly, interpreting the 1-shifted coisotropic structure on the completion U → Bg in terms of a Lie bialgebroid over U following Corollary 3.7 we recover dynamical Lie bialgebroids introduced in [BKS98] ; these are infinitesimal objects corresponding to dynamical Poisson groupoids introduced in [EV98] .
In a different direction, suppose the classical dynamical r-matrix is regular at the origin 0 ∈ h * . In other words, 0 ∈ U . Then the inclusion of the origin gives a coisotropic morphism BH → [U/H]. Therefore, the composite BH −→ [U/H] −→ BG has a 1-shifted coisotropic structure. Again applying Proposition 2.13 we recover a structure of a quasi-Poisson G-space on G/H studied in [Lu00] and [Kar+05] .
5.4. Construction of classical r-matrices. In this section we will explain how some manipulations with Lagrangian correspondences give rise to classical (dynamical) r-matrices.
We begin with the non-dynamical case. Suppose G is a split simple algebraic group, B + ⊂ G and B − ⊂ G are a pair of opposite Borel subgroups sharing a common maximal torus H. The Killing form defines a nondegenerate G-invariant pairing on g and hence a 2-shifted symplectic structure on BG. The pairing restricts to a nondegenerate pairing on h and hence gives rise to a 2-shifted symplectic structure on BH. By construction the two subspaces g * , g ⊂ d are transverse. Indeed, let us split b + ∼ = n + ⊕h and b − ∼ = n − ⊕ h, where n + and n − are the corresponding nilpotent subalgebras. Then g * ⊂ g ⊕ g is given by pairs (x + , x − ) of elements of g such that x ± ∈ b ± and their hcomponents add up to zero. Then the intersection ∆(g) ∩ g * is clearly zero. But since they are Lagrangian, the intersection is also transverse. Therefore, the natural basepoint pt → BG * × BD BG has a unique 1-shifted Lagrangian structure and hence we obtain a 2-shifted Lagrangian correspondence
BD
In particular, we obtain a 1-shifted coisotropic structure on pt → BG. We are left to show that the underlying 1-shifted Poisson structure on BG can be lifted to the natural 2-shifted symplectic structure on BG obtained from the pairing on g.
From explicit formulas it is easy to see (e.g. see [AKS00, Example 2.1.5]) that the quasiLie bialgebra structure on g coming from the Manin pair g ∆ ⊂ g ⊕ g is equivalent to the one given in Proposition 2.15. It also follows from the following easy argument on the level of shifted Poisson structures.
Lemma 5.8. Consider the 2-shfited Lagrangian ∆ : BG → BG × BG given by the diagonal, where BG has the opposite 2-shifted symplectic structure. The underlying 1-shifted Poisson structure on BG is equivalent to one obtained from the 2-shifted coisotropic structure id : BG → BG. To summarize, we have constructed a 1-shifted coisotropic structure on pt → BG whose underlying 1-shifted Poisson structure on BG lifts to a 2-shifted Poisson strucutre on BG given by the Killing form. Therefore, by Proposition 5.3 we obtain a quasi-triangular classical r-matrix on g. This is the so-called standard r-matrix on a simple Lie algebra.
Remark 5.9. Belavin and Drinfeld [BD84] classified all factorizable classical r-matrices on a simple Lie algebra in terms of the so-called Belavin-Drinfeld triples (Γ 1 , Γ 2 , τ ), where Γ 1 , Γ 2 ⊂ Γ are subsets of simple roots and τ : Γ 1 ∼ − → Γ 2 is an isomorphism preserving the pairing satisfying a nilpotency condition. In particular, they have constructed the corresponding Manin triples and the above construction can be repeated with those Manin triples. 
